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, (1) . ,
$z$
$\frac{d^{2}y}{dz^{2}}+(1-\frac{1}{z})\frac{dy}{dz}-\frac{1}{z}y=0$ (5)
2 . 2 .
, $y=\hat{u}(z)$ , $y=e^{z}$
. (1)















Laplace . Laplace Borel [3]
,





( $C,$ $A$ ) . $0$
, Borel
$F(t)= \sum_{n=0}^{\infty}\frac{a_{n}}{n!}t^{n}$ (11)
, $F(t)$ $|t|<A^{-1}$ . Borel $\hat{f}(t)$
, $F(t)$ Laplace
. $\hat{f}(z)$ Borel .
1. $F(t)$ $[0, \infty$) ( 1 )
, ,
$|F(t)|\leq Ce^{B|t|}$ (12)





(i) $f(z)$ $\Gamma$ :I $\arg z|<\pi/2,$ ${\rm Re} z>B$ ( 2) ,
(ii) $f(z)\sim\hat{f}(z)$ $(z\in\Gamma, zarrow\infty)$ .
. (17)
,
$|f(z)- \sum_{n=0}^{N-1}a_{n}z^{\neg n-1}|\leq CN!A^{N}|z|^{-N-1}$ $(z\in\Gamma)$ (14)
. $F(t)$
. , (17) $F(t)$
$C^{\infty}$ . , (14)
Borel [4].
. (i) $F(t)$ . $(\ddot{u})$
.
$\int_{0}^{\infty}\frac{t^{n}}{n!}e^{-zt}dt=z^{-n-1}$ . (15)
$N$ , $F(t)$ $N$
$F(t)= \sum_{n=0}^{N-1}\frac{a_{n}}{n!}t^{n}+(F(t)-\sum_{n=0}^{N-1}\frac{a_{n}}{n!}t^{n})$ (16)
, Laplace $\sum_{n=0}^{N-1}a_{n}z^{-n-1}$ . ,
$t^{N}x$ ( $F(t)$ ) . Laplace
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2: $\Gamma$ : $|\arg z|<\pi/2,$ ${\rm Re} z>B$
( $t=zs$ $s$
) $zarrow\infty$ $O(z^{-N-1})$ . $\hat{f}(z)$ $f(z)$
$f(z)= \sum_{n=0}^{N-1}a_{n}z^{-n-1}+O(z^{-N-1})$ $(z\in\Gamma, zarrow\infty)$ (17)
. QE. $D$ .
, $F(t)$ ,
$\theta$ $f(t)$
$f(z)= \int_{0}^{\infty e^{i\theta}}F(t)e^{-zt}dt$ (18)
, $\Gamma$ :1 $\arg z+\theta|<\pi/2$ . , $\theta=0$
, $|\arg z+\theta|<\pi/2$ Borel
.
, $F(t)$ ( )
, Laplace (Cauchy )
, $f(t)\sim\hat{f}(t)(zarrow\infty)$ (




2. $F(t)$ $\hat{f}(z)$ $0$
.
. $F(t)$ , $f(z)$
Laplace . $f(z)$ $z=\infty$
( ) , $z=\infty$
. $\hat{f}(z)$ $z=\infty$ $0$ . ,
$\hat{f}(z)$ $0$ $|a_{n}|\leq CA^{n}$ . $F(t)$
$t$ ( ),
$|F(t)| \leq\sum_{n=0}^{\infty}C\frac{A^{n}}{n!}|t|^{n}=Ce^{A|t|}$ (19)
( ) . Q.E. $D$ .
:




, $t=-1$ . .
2 $\hat{u}(z)$ , .
Laplace , Laplace
(8) . , 1 (9) .
Laplace
. $\theta$ $|\theta|<\pi$ ,
$u(z)\sim\hat{u}(z)$ $(|\arg z|<3\pi/2, zarrow\infty)$ (21)
.
$\arg z$ $\pm 3\pi/2$ ? Stokes .
3 Stokes
$u(z)$ Laplace $[0, \infty e^{i\theta}$) $\theta$ $\pi$
. ( $-\pi$ .) Laplace
$|\arg z+\theta|<\pi/2$ , $z$ , $arrow$
\rightarrow $u(z)$
.
, $\theta$ $\pi$ $U(t)$ $t=-1$
, ( 4) $C$ .
Laplace $\theta>\pi$ .
$u(z)= \int_{0}^{\infty e^{i\theta}}\frac{e^{-zt}}{1+t}dt+\int_{C}\frac{e^{-zt}}{1+t}dt$ (22)








$u(z)= \int_{0}^{\infty e^{i\theta}}\frac{e^{-zt}}{1+t}dt+2\pi ie^{z}$ (24)
. $t=-1$ ( $\pi<\theta<3\pi$ )
.
(24) $u(z)$ . 1
Laplace $u(z)$ I $\arg z+\theta|<\pi/2$ $\hat{u}(z)$
. , 2 .
1
. , 1
. , $\theta=3\pi/2$ $z$
( 5).
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5: $z$ ( $\theta=3\pi/2$ )
(i) $\hat{u}(z)$
$u(z)\sim\hat{u}(z)$ $(zarrow\infty)$ . (25)
(ii)
$u(z)\sim 2\pi ie^{z}$ $(zarrow\infty)$ . (26)
Stokes . Stokes
,














$\log\Gamma(z)-\log\sqrt{\frac{2\pi}{z}}\frac{z^{z}}{e^{z}}\sim\sum_{n=1}^{\infty}\frac{(-1)^{n-1}B_{2n}}{2n(2n-1)}z^{-2n+1}$ (I $\arg z|<\pi$). (28)







$\psi(z)=\frac{d}{dz}\Gamma(z)$ , $\psi’(z)=\frac{d}{dz}\psi(z)$ (30)
. [5].
$\psi(z)$ $=$ $\int_{0}^{\infty}(\frac{e^{-t}}{t}-\frac{e^{-zt}}{1-e^{-t}})dt$ ,
$\psi’(z)$ $=$ $\int_{0}^{\infty}\frac{te^{-zt}}{1-e^{-t}}dt$ . (31)
$\psi(z)$ ( $t=0$ ) , $\psi’(z)$
Laplace , \langle Bernoulli
(29) . $zarrow\infty$
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. 2 , $\log\Gamma(z)$ (28)
.
(28) $|\arg z|<\pi$ Laplace $[0, \infty$ )
. (31) Bernoulli $t$
$(t=2\pi in, n=\pm 1, \pm 2, \ldots)$ . $\theta$




. A. Voros [6] . Voros Eca $e$
, Ecalle
.
Euler , $\psi(z),$ $\psi’(z)$
.
$\psi(z+1)-\psi(z)$ $=$ $\frac{1}{z’}$
$\psi’(z+1)-.\psi’(z)$ $=$ $- \frac{1}{z^{2}}$ . (32)
$\psi(z)$ Euler , $\psi(z)$ Laplace
, $\psi’(z)$ .
.










Ecalle alien calculus calculus Borel
.
Ecalle resurgent function ( ) ,
.
Euler Borel $U(t)$ $\psi’(z)$ Laplace Bernoulli
resurgent function . resurgent function
$t$ , . Ecalle
Ecalle Malgrange [2] .
( . Ecalle ,
.)
alien calculus alien derivation .
, Stokes Laplace
(Voros [6] ) . $\theta$
( $\theta-\epsilon$ $\theta+\epsilon$ ) Laplace . $\theta$
(
resurgent function ) ,
( 6). $\theta-\epsilon$ $\theta+\epsilon$
( ) $Farrow\rangle$ $T_{\theta}(F)$ . “ $log’ T_{\theta}$
( ) alien derivation .
Lie ( ) , $t$ convolution $(z$
) Leibniz .
“
$log’ T_{\theta}$ , $t=\alpha$ alient





, $\Delta_{a}F$ $T_{\theta}(F)-F$ ( $\alpha$
$F$ ) $t$ $\alphaarrow 0$
. $\Delta_{a}F$ ,
$\alpha$ $F$ ( $T_{\alpha}(F)$





$\frac{dy}{dx}=y+b(z, y)$ , (33)
$b(z, y)$ $z=\infty,$ $y=0$ ,
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$b(z, y)= \sum_{n\geq 0,m\geq 0}b_{nm}z^{-n}y^{m}$
(34)
.
$y=h(z, Y)=Y+\sum_{n\geq 0,m\geq 0}h_{nm}z^{-n}Y^{m}$ (35)
? . , $h(z, Y)$ $Y$
$Y=0$ . $h(z, y)$ $zt$
, , . ,
Ecalle ,
. Riemann ( ,
Stokes )
. Ecalle alien calculus
.




, ( (z, Y) ) (33)
$\frac{dY}{dz}=Y$ (36)
. ( $z=\infty$
) ? . Ecalle
: (33) $A_{n},$ $n=-1,1,2,3,$ $\ldots$
, (33) (36) .
$\hat{h}(z, Y)$ $z$ Borel $H(t, Y)$ $t$ $t=-1,1,2,3,$ $\ldots$
, $t=n$ alien derivation $\Delta_{n}$





$t=-1$ $A_{-1}$ . Stokes
. , $z=\infty$ (36)




. (1) $t=-11$ . Riccati (2
) 2 $t=\pm 1$ 2
. ( Borel .)
$t=1,2,$ $\ldots$ . $t$
, $\arg t=0$ $\arg t=\pi$ 2 , $\arg t=0$
. Ecalle alien calculus
, .
EcaJle ( $A_{\mathfrak{n}}$ Rie-
mann ) . resurgent monomial
resurgent function . alien derivation
,
. alien derivation alien calculus
, resurgent monomial .








, Ecalle . $A_{n}$
. Malgrange [2]
. $h(z, Y)$ $z=\infty$
,
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